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Problems

1. [20 points] The vector V f(z,y) at a point P and four unit vectors i, ia, U3, and 44 are shown in the figure
below. Arrange the following quantities in ascending order. Explain your reasoning.

Dﬁ1f(x7y)’ Dﬁzf('rvy)7 Dﬁsf<x’y)7 Dﬁ4f(x7y)’ 0.

The directional derivatives are all evaluated at the point P and the function f(x,y) is differentiable at P.
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Solution: Since the directional derivative of a function f(z,y) at a point (xo,yo) in the direction of a unit vector
@ is given by Dg, f(x0,v0) = Vf(20,y0) - G, we can conclude from the figure that

Dﬁ’gf(x7y) < Dﬂgf(xvy) <0< Dﬂ4f($,y) < thf(mvy)‘

2. [20 points] The temperature at a point (x,y) on a metal plate is modeled by

T(x,y) = ==+



Find directions of no change in heat on the plate from the point (1,1). [The answer should be at least one unit
vector that gives the direction of movement from (1, 1) such that no change in temperature is felt.]

Solution: Since the directional derivative in a direction perpendicular to the gradient is zero, then we just need
to find a unit vector perpendicular to the gradient V f(1,1).

Vf(a,y) = (em @42 (<2m), e @+ (—dy)) = —2e= (20" (2
VF(1,1) = —2e=(+2)(1,2) = —2¢73(1,2)

Therefore, one vector perpendicular to Vf(1,1) is @ = (—2,1). Normalizing, we obtain the vector (—%, L.
. . . 2 1
The other unit vector that meets the requirements is <ﬁ’ _ﬁ>

[

3. [20 points] Use Lagrange multipliers to prove that the product of three positive numbers z, y, and z, whose sum
has the constant value S, is a maximum when the three numbers are equal. Use this result to prove that

ryz < x"‘gﬁ

Solution: The first part is to maximize f(x,y,z) = zyz subject to x + y + z = S. Using Lagrange multipliers,
we obtain:

Vf(x,y,2) = AVg(z,y, 2)
(yz, zz,xy) = X(1,1,1)

The system of equation is therefore

yz=A (1)
xz =\ (2)
xy = A (3)

rty+z=25(4)

Since > 0, y > 0 and z > 0, from (1) and (2) we conclude that x = y, and from (2) and (3) we conclude that
y = z. Thus, x = y = 2z (5), which is what we wanted to show. Note that this solution maximizes f(x,y, z)
because the minimum would be a solution with say x — S, y — 0 and z — 0.

For the second part, if we consider that when z =y = z = % the product zyz is maximum, then in general:
wyz < (3)°

taking the cubic root to both sides of the equation: zyz < %

but since z + y + z = S, we conclude that ¢zyz < L’g*‘z,

4. [20 points] Use a triple integral to find the volume of the solid shown in the figure.




Solution: The volume of this solid can be calculated as:
V= 20 1 s dyda

2 pd4—2? 2
V=J [ 4-2*)dydx

V= f02 4y — x2y|é_m dr = f02(4(4 —2?) —2%(4—2?))dx = f02(16 —42? — 42 + 2t dx = f02(16 — 822 + x) dx

_ 8.3, 1,52 _qo_ 64 , 32 _ 480—320+96 __ 256
V =16z — 3z +5x’0_32 >+ 2 === =

15

5. [20 points] A bead is made by drilling a cylindrical hole of radius lmm through a sphere of radius 5mm. Find
the volume of the bead using a triple integral in cylindrical coordinates.

Solution: Place the bead’s center at the origin, and let the cylindrical hole be parallel to the z-axis. Let the
volume of the bead be V. Then by symmetry % is the volume of the upper part of the bead. The volume of this
upper part can be calculated by

277 ff N B L Az dr d
fl V25 — 121 dr df

NK o<

Using u = 25 — 72, then du = —2rdr, so
271' 0 2w 24
:_l f24fdud9=% o Jo Vududd

2 24 2
= % 0 3“3/2 do = 3 fo (24)%/2 df

NERC RN

= %(277), which means that V' = % = 64+/67.

[Bonus problem: 10 points] Find and classify all the critical points of f(z,y) = —a* — y* + 4oy — 2.

Solution:

fo = —4a® + 4y
fy=—4y3 +4z

If f, = f, =0, then

a® =y (1)
y' =z (2)

()3 =2
9—x=0
(28 —1)=0

So z = 0 or x = £1. Therefore, there are three critical points: (0,0), (1,1). and (-1, —1).

Sz = —1222
fyy = _12y
Joy = fya =4

So, det(H)(x,y) = 14422y? — 16.

For (0,0), det(H)(0,0) < 0, so (0,0) is a saddle point.
For (1,1), det(H)(1,1) > 0, and f,, < 0so at (1,1) f has a local maximum.



For (—1,-1), det(H)(—1,—1) > 0, and f, < 0so at (—1,—1) f has a local maximum.



