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56 2. Convex Sets and Convex Functions

of results points in this direction. The following theorem shows that convex
functions can be combined in a variety of ways to produce new convex
functions. .

(2.3.10) Theorem. .
@) If fi(x), ..., fi(X) are convex functions on a convex set Cin R", then

f&) = fi(®) + f(x) + - + %)

is convex. Moreover, if at least one f,(x) is strictly convex on C, then the
sum f(X) is strictly convex.

(b) If f(x) is convex (resp. strictly convex) on a convex set CinR"andif aisa
positive number, then af (x) is convex (resp. strictly convex) on C.

(©) If f(x) is a convex (resp. strictly convex) function defined on a convex set C
in R", and if g(y) is an increasing (resp. strictly increasing) convex function
defined on the range of f(x) in R, then the composite function g(f(x)) is
convex (resp. strictly convex) on C.

PROOF. (a) To show that any finite sum of convex functions on C is convex on
C, it suffices to show that the sum (f; + f;)(x) of two convex functions f;(x)
and f,(x) on C is again convex on C.If y, z belong to Cand 0 < A <1, then

(fy + )0y + [1 — 112) = fi(y + [1 — A1) + fo(y + [1 — A]2)
<MO) +[1 =240 + L0 +1 - 1140
= Mfi + )+ [1 -2 + )@

Hence, (f, + f,)(x)is convex on C. Moreover, it is clear from this computation
that if either f;(x) or f,(x) is strictly convex, then (f; + f2)(x) is strictly convex

because strict convexity of either function introduces a strict inequality at the

right place.
(b) This result follows by an argument similar to that used in (a).
(c)Ify, z belong to C and if 0 < 4 < 1, then _
fGy +[1— Az < M(y) + [1 - 11/

since f(x) is convex on C. Consequently, since g is an increasing, convex
function on the range of f(x), it follows that

g(fly + [1 — 112) < g ) + [1 — 11f(@)
< Ag(f(y) + [1 — Ag(f(@)-

Thus, the composite function g(f(x)) is convex on C. If f(x) is strictly convex
and g is strictly increasing, the first inequality in the preceding computation
is strict for y # z and 0 < A < 1, so g(f(x)) is strictly convex on C.

(2.3.11) Examples
(2) The function f(x) defined on R* by

2.3. Convex Functions

. >ﬁ. first glamce, it might seem that the most direct path to verify that f
is mﬁ.nmonw convex on R? would be to show that the Hessian Hf(x) of f(x
positive definite on R*. However, the Hessian turns out to be

@2 + 4x2)e 35T (4x, x,)exi S
Hf(x) = | (4x,x,)exi+x4+5
AA‘..Ku vawkw+kw+kw

T«Xu Huvauw+am+aw
@2+ AXWv&kw+uw+uw AAXnRuvmam.watnw
AAKNXuvaw+Mw+xw 2+ A.xwvmuw+kw+uw
Obviously, proving that the Hessian is positive definite for all x € R3 v

involve quite tedious algebra. No matter! There is -a much simpler way
handle the problem.
First, note that

h(xy, X3, X3) = x3 + x3 + x3
is strictly convex since its Hessian
2 0 0)

m‘wﬁﬂx~v Xa, xuv = o N o
00 2
mm. obviously positive definite. Also, g(f) = " is strictly increasing (since g'(t)
e’ >0 for all t e R) and (strictly) convex (since g”(t) = e* > 0 for all t e
Therefore, by (2.3.10)(c), f(x) = g(h(x)) is strictly convex on R3.

(b) manwo%.?ﬁ a™, a®, .. a® are fixed vectors in R” and that c,,
..., ¢ are positive real numbers. Then the function f(x) defined on R" by

00 = m (o™

is convex.

To prove this statement, first observe that the functions g;(x) on R" defin
by
g(x)=a®x,  i=12..k

are _Ewmn and therefore convex on R". Since h(t) = e'is increasing and cony
on R, it follows from (2.3.10)(c) that the functions

h(g:(x)) =™,  i=1,2,...,k

are all convex on R". Since cy, c,, ..., ¢, are positive real numbers, we ¢
apply (2.3.10)(a), (b) to conclude that

k
.\.C& — ~.M_.H h..m-:..x

is convex on R".
(c) The function f(x) defined on R? by

~e N ~ -



